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A new method to obtain a series of reduced dynamics at various stages of coarse-
graining is proposed. This ranges from the most coarse-grained one which agrees
with the deterministic time evolution equation for averages of the relevant variables to
the least coarse-grained one which is the generalized Fokker-Planck equation for the
probability distribution function of the relevant variables. The method is based on the
extention of the Kawasaki-Gunton operator with the help of the principle of maximum
entropy.
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1. INTRODUCTION

Importance of understanding liquids has been greatly enhanced in recent years
owing to their close association with life sciences. Here we are more concerned
with the fact that living systems generally consist of materials in fluid state?
However, theoretical progresss in the liquid state of matter has been hampered due
to difficulties of incorporating short range correlations essential for liquids. Still we
have seen significant advances, and one of the most successful ideas is the density
functional theory®# to deal with static aspects of liquids. This theory is firmly
based on the existence of a variational principle.® It is then natural to attempt
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3This is discussed in Ref. 1 by contrasting liquid state of matter with solid state of matter which
is associated with the mineral world and modern technology. Living matter is more often made of
structured fluids.®) Hence the basic understanding of the behavior of matter in fluid states should be
quite relevant in life sciences.

711

0022-4715/06/0500-0711/0 © 2006 Springer Science+Business Media, Inc.



712 Kawasaki

to extend this theory to include dynamical aspects, which, however, is far from
straightforward mainly due to the absence of any such variational principle. Such
attempts resulted in what is commonly known as dynamical density functional
theories (DDFT). There are the two limiting forms for the DDFT: deterministic
and fully stochastic ones as explained below.

1. Closed deterministic equation for the averaged density profile p(r, £)10
Here DDFT takes the form of a deterministic time evolution equation

for the averaged density profile to be denoted as p(r, ¢). One starts from
BBGKY-like hierarchy equations for one body-, two body- . . . distribution
functions for an interacting Brownian particle system. We assume estab-
lishment of a local equilibrium at each instant of time when one body
distribution p(r, ¢) is given. In this manner multibody distribution func-

tions p,,n = 2,3, ... at a time ¢ are expressed as fuctionals of p(r, ¢) at
the same time ¢ such that p,(r,t', t) = pa(r,r’; {p(-, 1)}), etc.
We thus find
op(r, t SF{p(t
P00 g [ o F o)
ot Sp(r, t)

Flo)) = / (3 p(r, ) — 1+ Furlo@®) (L1

where F{p} is the equilibrium density functional with F,, { o(¢)} the excess
contribution arising from interactions and X the de Broglie length. Here
and in (1.2) below the kinetic coefficient was chosen to be unity.

2. Fully stochastic DDFT(!~16)

Time evolution can take either the form of a nonlinear Langevin
equation or the form of a Fokker-Planck type equation. The latter equation
for the distribution functional Dy ({p}, t) where p is a coarse-grained
density profile as a stochastic variable reads

0Dy((p.1) _ 5 SHIp)
at B / [ "

8
dr—V -
f o) p(r) — Sp(r)

55(r)

} Dy({p, 1)}
(1.2)

Here and after the Boltzmann constant times the absolute temperature will
be taken to be unity, and the coarse-grained free energy functional is of
the form,

Hip) = / dep(OInG35(0) — 1]+ Hel5) (13)

Note in general H{p} # F{p} and H,,{p} is the excess contribution
arising from interactions. Mapping between H{p} and F{p} starts with
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defining a thermodynamic potential G{¢} in an external field ¢(r) through
oM} _ / d{p}e=THe1+] dXOmm) (1.4)

We note that the coarse-grained density profile p(r) is generally different
from the average density profile p(r) because p(r) can still fluctuate to
the degree that the coarse-graining does not incorporate all the fluctu-
ation effects which are taken care of on the rhs of (1.4). Then a usual
Legendre transformation ¢(r) — p(r) enables one to obtain F{p} from

Glo}.

It is the purpose of this paper to propose a general treatment of reduced dy-
namics such as DDFT that includes the deterministic and fully stochastic dynam-
ics as the two special cases. Indeed such a proposal was made by us recently(!”)
by starting from a projection operator formalism for general non-equilibrium
situation.!?-2)) Here we propose another such formalism that combines a projec-
tion operator technique with the principle of maximum entropy.?" This maximum
entropy formalism has a structure which permits a straightfoward extension of the
Kawasaki-Gunton operator'!®?? for our purpose. Since the formalsim is not re-
stricted to the density variable we use a more general framework of reduced
dynamics as before.(1”)

In this paper we first take up a classical system whose microscopic state
is given by a point in the phase space simply denoted as X. We must consider
statistical properties of states which are contained in the phase space distribution
functifunction b()?, t) For brevity we introduce a notation Tr for trace operation
as defined now. The trace Tr denotes phase space integration restricted by a fixed
total energy for isolated systems, and for systems in contact with heat or particle
reservoirs, this is to be properly generalized. For instance, for fluid systems in
contact with heat and particle reservoirs, we have

(o]
1 ~ ~ PN
Troo =) / drVdpVerNHa . (1.5)
N=1

N!

where we have equated the Boltzmann constant times the absolute temperature as
well as Planck’s constant to unity and ., Nand H s are the chemical potential, the
total partcle number and the system Hamiltonian with N particles, respectively.
The symbol dr¥dp" is the volume element of the 6 N-dimnesional phase space.
Then our phase space distribution function D(%, t) has components in different
sectors with different values of N , and reduces to a common constant in thermo-
dynamic equilibrium. In the following we actually work in one sector with a fixed
N = N when dealing with interacting particle systems.

The next section introduces a new set of projection operators with the help
of maximum entropy principle. This enables us to define a set of reduced phase
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space distribution functions which interpolates deterministic and fully stochastic
reduced dynamics. Section 3 describes time evolution of the probability distri-
bution function of relevant variables associated with a reduced phase space dis-
tribution function. In Sec. 4 we take up the leading fluctuation correction to the
deterministic reduced dynamics. Section 5 illustrates our general approach for two
examples: a Brownian particle in a fluid and a one-component fluid. In Appendix
B we derive fully stochastic reduced dynamics as a special case of our general
approach.

Before concluding this section we add a few words on the fact that we
will be basically dealing with those non-equilibrium states where certain slow
time evolution can be discerned. This encompasses most situations encountered
in condensed matter physics where collisions between particles dominate. Then
there exist a time scale in which slow time evolution has not yet taken place,
but fast time evolution not associated with slow degrees of freedom has already
occurred. Under these circumstances a local equilibrium state provides a good
reference state to describe slower processes although a projector technique per se
is still formally exact without being thus restricted.

2. MAXIMUM ENTROPY PRINCIPLE AND PROJECTION OPERATORS

Dynamics of a system with a great number of degrees of freedom can be ex-
tremely complex for any sensible description. However, we have examples where
much simpler reduced dynamical behavior of such systems are known. Macro-
scopic hydrodynamics provides an archetypical example. Then there must exist a
set of variables hereafter called the relevant variables entering reduced descrip-
tion, which are smaller in number and are functions of microscopic variables such
as phase space coordinates. The set of variables entering hydrodynamics provide
again an archetypical example.(!8:1%)

In the traditional non-equilibrium statistical physics, a set of the relevant
variables {a} or a set of the corresponding phase space functions { A(®)) appear in
construction of a local equilibrium phase space distribution function Dy (x,t) of
the form(194

[)L()ea t) — eho(t)+h§(t)<8,A()?) (21)

where A(%) is the set {121(12)} arranged as a column vector and h’(¢) is a row
vector composed of the set of fields {% 4(¢)} conjugate to {121()2)}. Also §,A(X) =
A(X) — (A(X))(1), {- - -)(¢) being a non-equilibrium average at the time z. See below
as well.

“In view of the definition of trace, (1.5), the usual phase space distribution function is obtained by
multiplying Dy (%, 7) by the equilibrium phase space distribution function.
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In general a local equilibrium state at a certain time is constructed in such
a way that averages of the relevant variables computed in this state are identical
to those computed in a true non-equilibrium state at the same time by adjusting
conjugate fields {%4(¢)} . This prescription reflects the assumed existence of a
time scale in which non-equilibrium averages of relevant variables (and hence
their conjugate fields) hardly change, and a local eqilibrium state is attained with
respect to other rapidly varying irrelevant degrees of freedom.

A utility of the maximum entropy principle®! is that the phase space dis-
tribution function appearing here has formally the same structure as the local
equilibrium distribution function just described if we extend the relevant variable
set {A} to include their polynomial function series, which are here arranged in
a column vector ¥y {A(%)}. We introduce the symbol W to specify a truncated
polynomial function set wW{/i()E)} chosen from the complete set of functions.
In constrast to the previous case,!” we do not require them to be orthonor-
mal, and hence these function themselves need not depend on time. The en-
tropy functional & {Dy} of the phase space distribution function ﬁW()?, t) to be
maximized is’

S{Dy (-, 1)} = ~TrDy (-, ) In Dy (-, 1) + Aw " (t) - Trpw Dy (-, 1) (2.2)

where )»g,(t), T being transpose, is a row vector conjugate to the column vector vy
whose first member A(¢) corresponding to ¥y = 1 takes care of the normalization
TrﬁW(t) = 1. Hereafter we sometimes skip the argument ¢ as well as * and center
dot - . A center dot here denotes a point in phase space to be integrated over.
We often suppress relevant variables {A} in the arguments of ¢ W({A}) as well. In
passing we note that the definition (1.5) implies that the equilibrium phase space
distribution function D (%) is in fact a constant independent of x.
Then the extremum condition of (2.2),
8S

— — —InDy +AL. 23
8DW w w WW ( )

yields
Dy = eV " (2.4)

Here the unknown row vector A7, is determined by matching averages of ¥y over
Dy (¢) and D(¢), the genuine non-equilibrium phase space distribution function at
the time #. That is

Tryywe V" = Tryy D(1) (2.5)

3 The entropy maximized under various constraints is in fact more closely related to a free energy.
However, we use the word entropy here following the convention. 2!
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The normalization TrD w(t) = 1 then gives

ro=—Ine VY yi=1 (2.6)
where A" indicates exclusion of the first component X.

Now we introduce a time dependent projector P" (¢) by its operation on any
phase space function X(x) as

PY()X = Dy (O[TeX + 8,9k - xw (@)™ - Tes, yrp X] (2.7)

where 8w = Y — (Yw)w(1), and xw (1) = (8% 8¢ ") w(r) the susceptibility
matrix where (- - -) () denotes an average over Dy (¢). We immediately find

P"())D(t) = Dy (1) (2.8)
We can now see that P" (¢) has the same properties as the K-G operator:(!%-20)
PY ()P )X = PP )X, PY(0)D(t) =0 2.9)

where PV (t)D(t) = %[pw(t)b(t)] - PW(t)%ﬁ(t). This implies that for any
time-independent phase space function X(%), P (1) X (%) = %PW(I))A( (%). One
consequence of the first property of (2.9) is, with 07 (1) = 1 — P¥ (),

o7 () 0" (X = 0" ()X (2.10)

These properties will be proven below and in Appendix A. We note that in constrast
to the previous case!!” infinite powers of polynomial expansion are contained here.

We continue to discuss some further properties of the projection operators.
First we consider the following:

P"(t) P (1) X = P (1) Dy, (0)[TeX + 80,90y - xom (01)™" - Ted, Yoo X
(2.11)
Using
P () Dy, (1)) = D, (0)[1 + 80, ¥y, - xoma(82) ™"+ (8, ¥ W1(11)]
P2 (62) Dy, (10)81, ¥, = Dy (02)80, Wiy, - xm(12) ™
X (80 Y8, Wi, )y (11) (2.12)
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we find
P"()P" (1) X
= D (){[1+ 8,0, - xm ()™ - G ()] TeX
+ 8, Yy, - xwy()”! '(SrzllszfsxlI/f;/l)Wl(fl) xm ()
x Trd, Y, X |} (2.13)
Consider now the two special cases:

1. W] = W2= W,tl ?ét2
We find

P" ()P ()X = Dyp(t){TeX + 8,91 - xw(t)™ - Y} (2.14)
where
Y= (8, yw)w(t)TeX
8w i)y () - xow ()™ sy i X
Therefore we recover the following:
PY ()P 11X = Dy()[TeX + 8,97, - xw(t)™" - Ted,, yw X
=P ()X (2.16)
2.ty =t =t, W) # W, Here we find
PP (P ()X = Dy, ()| TeX + 8,91y, - xwo ()™ - TeZX]  (2.17)
with
Z = w0+ (5¥md v, )y (O xm (@7 - 89w, (2.18)
We have not found intuitive or geometrical meaning of this result which is a double
projection. R
If the set {1y (¢)} is restricted to linear functions of the A4’s, this reduces to
the canonical case® 7 = C. On the other hand, if the set {1 (¢)} constitutes a
complete set, this is equivalent to having an arbitrary functions of the A’s, or we

can have 8{a — 121()2)} where the relevant variable set {a} is regarded as an infinite
set of parameters, which is the microcanonical case W = M.
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3. EQUATION FOR TIME EVOLUTION

We consider time evolution governed by a Louville operator L appearing in
the usual Liouville equation for a phase space distribution function D(X, ¢),

ADR, 1) - »
% =D&, 1) 3.1)

We are interested in finding time evolution of the probability distribution function

Dy ({a}, t) for theA set of relevant variables {a} corresponding to the set of phase
space functions {A(x)}, which is defined as

Dy({a}, 1) = Trd{a — A()}Dy(%, 1) (3.2)

The first step is to consider time evolution of the projected phase space
distribution function Dy (%, 1), (2.8). The standard projector technique'” yields
a formally exact closed time evolution equation with memory for b()?, t) with
the assumption that initially at # = 0 we can start out at the projected state
b()?, 0) = Dy (%, 0). This follows from the basic premise of non-equilibrium sta-
tistical mechanics which excludes extremely improbable pathological initial states
which can lead to violation of the second law of thermodynamics. The resulting
time evolution equation is

IDy(%,1)

PY() LDy (%, t
o7 (t)LDw(x, 1)

t t W 5 7 ~ A
+/ dsP"()Let O oM (i Dy ) (B3)
0

where 0" (t) = 1 — P"(¢) and e, is the time ordered exponential. Derivation of
this equation is given in Appendix A.

The next step is to realize that by (2.4) Dy(£, ¢) depends on £ only through
{/1()2)}, which gives using (3.2) the following:

Diy(%,1) = eSO Dy ((A()), 1) (34)
where a new “entropy” S{a} is introduced through®
S = Trs{a — A(%)) (3.5)

Substituting (3.3) into the rhs of the following equatiton

3 N
o, Dw(la).0) = Trsla — A@))- Dy (3. 1) (3.6)

6 This is not to be confused with S,(2.2), used to obtain Dy by maximizing.
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and using (3.4) and (3.5) we obtain the set of equations valid irrespectively of
actual structure of the projector,!” which are written down as.

a
5, Pwlla. ) = /d{a’}ﬁw({a, a'y;t)Dy({a'}, 1)

+ /0 &s [ did) Mytaa .00 )s)  B)
where
Ly(a,a'y;t) = [Trs{a — AOIPY (OL8{d — AN (3.8)
and

Myfad'};t,5) = [Trsta = AOVPY (L Us)0" ()Lsla’ — A 1)
) (3.9)

with U(rs) = e 0"k

This formally exact time evolution equation for the probability distribution
function D({a}, t) with memory will be our starting equation for the analyses that
follow. Physically the first term on the rhs of (3.7) is the instantaneous part of
change which will be the case if the system instantaneously follows change of the
distribution function D({a}, ¢). This is generally not exact since other degrees of
freedom not included in our reduced description affects delayed reaction, which
is taken care of by the second term of (3.7).

We now undertake a task of transforming (3.7) into a more useful form
which requires some algebrae. The results of these analyses will be summarized
by Equations (3.35)—(3.39) at the end of this section. Let us thus consider

PY()LX = Dy(O[TrLX + 8,y w(A) - xw(t)™" - Ted, iy LX] (3.10)

as well as

A ~ 0 = ~
Lé{a — A} = WAJB{CI—A} (3.11)
J

Here and after an overdot on a phase space function X means its time derivative,
i.e. X = —(LX). Then we find after some algebra

Ly({a,a'};t) = e S Dy ({a}, 1)

d
x oL+ dwla) - w8 (a)]
a;

x TrA;8{a’ — A()) (3.12)
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The normalization is readily found using detailed balance for reversible part®® as

fd{a}EW({a, alt) = i/Trﬁj(S{a/ — /Al(-)}
aaj
a o~ o
= a}(A,-;{a NS =0 (3.13)
with
(X;{al)y = TrX8{A — a}/Tr8{A4 — a}

We now have from (3.11)

/ d{d}Lw(la, a'}: Dy ((a'}, 1
— _Dy({a}. 1) / a1+ 8,9 la) - (D) - Sprwla)]

x A d ,

x Trd ;8{a’ — A(-)}a—/e’S{“ YDy({a'}, 1) (3.14)

a’.

J
where summation convention is used for repeated indices here and after. From
this we verify that [ d{a’}Cw({a, a'};t)Dg({a’}, t) = 0 with Dg({a}, r) the equi-
librium distribution independent of W. We define a microscopic driving force

by
J({al,t) = ——In ———=

T da;  Dg({a)
This is basically identical with Mazur’s phase space flow in his irreversible ther-
modynamic treatment of fluctuation phenomena.’
We now put together the results obtained so far.

(3.15)

/ d{d'\ L ({a a'}; Dy ((a'}, 1)
— Dy((a). 1) / a1+ 8p i a) - xw () - S la)]

X (A3l fia’), Dy ((a'). 1) (3.16)

"Mazur®? extended the conventional macroscopic irreversible thermodynamics in such a way that
not only averages but also fluctuations of the macroscopic variables can be incorporated. He obtained
an expression for an extra term for the average irreversible entropy production rate as a product of
an average of probability flow rate in the space of ralevant variables a and a thermodynamic driving
force conjugate to the flow. The expression for the latter quantity is identical to (3.15) in the text
provided that the non-equilibrium probability distribution function is given by Dy ({a}, t).
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with
Siywla} = ywla) — Tryw{A} Dy (1)
Tryry (A} Dy (t) = Tryry {4} D(¢)
xw(t) = (S,wwé,lp;)W, (susceptibility matrix)
Yw(¥jy) :  (column(row) vector) (3.17)
We now turn to M, (3.9), which is transformed into

My ({ad'}, ts) = e—S“"la‘%Tra{a — A}P" (LU (t5)0" (5)A;8{d’ — A}

J
i (3.18)
Now, for an arbitrary phase space function X We can find

Trs{a — AYPY (1)L X
= Trs{a — A} Dy (O[TrLX + 89wl A} - xw(®)™" - Tes i {-}L X]

dYwia)
0

=J

= Dy ({a}, D8 ¥wla) - xw(t)™" - / d{a) Trs{a — A}A; X (3.19)

where we have used TrL X = 0. Therefore, we have

/ dia'YMy((a. ). ts)Dy((d'}. 5)

0 ,
- f dia'} f dfa} [gesm}Dw({a’},S)] Dy ({a}, t)¥rwia}

J

dYwial
0

- Trs{a — Ay A, U" (t5)Q" (s)A4;8{a’ — A} (3.20)
Zk

x xw(t)™" -

My ({aa’}, ts) can take a more convenient equivalent form:

My({ad'}, ts) = Dy({a}, 8 wia} - xw(t) ™' - [/d{ }BWW{"} S{a}—Sta'}
ay
x T} (laa'); tS)} fida'},s) (3.21)

where?

TV (lad');15) = (40" (1)0" (5)A,8(a’ — A fa)y  (3.22)

8 Sometimes we have ,2]- = Vj({/i}). In that case Qwﬁjé{a’ — A # 0 in general unless W = M due
to the fact that 4 j8{a’ — A} need not be confined to the function space spanned by ww{fi}.
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Then the following normalization and stationarity properties can be seen immedi-
ately:

/d{a}/\/lw({aa’}, ts)=0, and Mpy({aad'},ts)=0 for Dy = Dg

(3.23)
For subsequent analyses it is convenient to rewrite the preceding results in the
following way:

0
= Dy(la). 1
— Dy(la). D[V (ta). ) + 8y a)) - xw() - £ (). 1)]
+ Dy({a}, )8y (ad) - xw(@®) ™ - M ({a}, 1) (3.24)
where
£l = / dta'} (A Y w £} DDy ((a'). ) (3.25)

Ly = /D{a/}SIWW{a/}(IZﬁ{a/})M

x fi({a'}, HDw({d'}, 1) (3.26)
M= [ as [y | i) ST g i)
x fy({a'}, s)Dw({a'}, s) (3.27)

On the other hand, we also find from (2.4)

%DW({G}v 1) =iw@®)" - Ywla}Dw(a}, 1) = hw(®)" - S ywia}Dy({a}. 1)

(3.28)
where the last step is due to the following consequence of the normalization
condition as applied to (3.28) and (3.24):

0= [ da)5Dutta). 0 = i@ - i@l WO = LY 329)
Therefore we finally find
@) = xw@) " - [V (@) + MY (0)] (3.30)
Note in passing that, integrating (3.28) we have

Dy({a), t) = el dSiW(S)T-(S,\-llfW{a}DW({a}’ 0) = () vwia} (3.31)
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Consistency of £ (¢) = 0 readily follows:

B 0 D 1, ,
) = f dia' YA @) [‘W In %} Dy(a). 1)
J

aa_,.

Dy({a'},t) o /
+ WBT}DE({CZ }s f):|

0 = PN 0S{a’
- / d{a’}[ (it ar + (s (a Ve {“}]

’ ’
aaj 8aj

; 0
= /d{a’}(A_;;{a’})M [——,Dw({a’},t)

xDy({a'}, 1) =0 (3.32)
The last step used the detailed balance (3.13):

3S{a’}

(Ajs{a })M+<A]5{ }) 9’
J

=0 3.33
3, (3:33)

We also find the following by computing average of v using (3.28):
. 0 .
(YUw)(t) = / d{a}lﬂw({a})EDw({a}, 1) = xw(t) - Aw(1) (3.34)

Now, the evolution Eq. (3.24) is finally written as

0]
5, Pwllal. t) = Dy ({a}, N8 (tad) - xw@) ™" - [Lw () + My ()] (3.35)

where Ly and My, which were previously written as £, and M, are now given
by

Ly (1) = /d{a’}t?zlﬂw{a’}(ﬁj; @ W fiyda), ODy(a'y, ) (3.36)

MW(t)—f dsf “}/d{ Jerlal=s M’W{ }TW({ Y ts)

x fi({a'}, s)Dw({a'}, s) (3.37)

Then, as a final outcome of the long analyses of this section we obtain time
evolution equation expressed in the following vector form:

(@) = xw @)™ - [Lw(t) + My ()] (3.38)
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or, equivqlently

W) (0) = xw (@) - dw(1) = L (1) + My (1) (3:39)

Once we choose a set of relevant variables {A(£)} and a set of its polynomial
functions or functionals arranged in a column vector 1//W{121(-)}, the equation
(3.38) or (3.39) gives time evolution at the level specified by W, although the
equations have memory effects due to irrelevant processes projected out from P".
The effects are embodied in ’Tkj’.’/({aa’}; ts), (3.22), whose determination requires
microscopic considerations outside the scope of this work. It would be more
practical to adopt simplifying assumptions (see Sec. 5) or to devise well-focused
computer analyses for this purpose.

In Appendix B we give a detailed analysis of the special case W = M and
recover the usual Fokker-Planck equation for the distribution function Dy,({a}, ).

4. QUADRATIC CORRECTIONS TO THE CANONICAL CASE

We take up linear and quadratic functions for vy to illustrate the general
program of the preceding sections. This case is denoted as W = 2:

Ay = (1) - 8,AR) + hY : B,(%) 4.1

where the first term on the rhs contains the usual vectors with single indices with
components such as §,4; whereas the second term contains vectors with two
indices, for instance we can take

A ~ A A A~ ~ _ k A~
B, = §,A8,A — (8,A8,A8,4;),(1)[x5' (1) '] 8 Ak — x5' (1) (4.2)

Here (-), is an average over the reduced phase space distribution function Dy(t),
and §;A = A — (A),(¢). Hence we have

(B)2(1) = (3:AB/)2(1) = 0 (43)
We now write down the reduced phase space distribution as
Dy(%,1) = exp [Ao(t) + h](1) - §;A(%) + hj (1) : B,(%)] (4.4)
with X(#) given by the normalization condition as
Ao(t) = —InTrexp [h)(1) - §,A(%) + h (1) : B,(¥)] (4.5)

In view of orthogonality of §;A and B, the susceptibility matrix x, splits into the

two sections:
([ x® 0
x2(t) = ( 0 XzB(l)> (4.6)
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The time evolution equation is then

(Ya(0)) = xa(t) - ha(t) = La(1) + Ma(t) 4.7)
Here we have
() (5A0)
Aa(t) = <h3(t)> . Yt = ( ﬁr) (4.8)
The conditions for A,(¢) are such that
(U (@))(1) = (Y2(0))2(2)(= 0) (4.9)
Now, the terms on the rhs of (4.7) are written explicitly as
(£3;0) ) ( (M551) )
Lo(t) = , Ma() = 4.10
(1) ( @t o) 0= (o) (4.10)

where the £'s are

£40) = / dia)a; (A tah)w f1({a). HDs(la). 1)

L2, = f dialby(la). (A tahw fi(a). DDs(fa). ) (11)

with b;;({a}, t) the jl- component of the tensor B,, (4.2), in which the A’ are
replaced by the a’s.
Next, the M’s are

t oa .
M2 (1) = fo s [ dta) [ diare =50 2210 (ga). 15) 17 a5
Zk

xDy({a}, s)

- /0 ds [ dta) [ daiee sz aa). ) fldtar.)
xDy({a}, s) (4.12)

and

M2 (1) = / as [ ata) [ atgesersta 2D 70 ga), 1)

x f3'({a}, s)Dfa}, s) (4.13)
Now we use

0bjk({a}, 1)

e = Onda+ dudia; — (8a;8abiap) ) (07 /bigh" (414)
1
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to obtain
M2, (1) = / ds / dia) / d{a}eSd=stal [a 0,77 ({aa), ts)
+ 8,77 (aa), t5)
— (8ia;8uardia,) () x3 ()"
x T,((aa}. 15)] fila), $)D2Aa}, 5) (4.15)

There is a subtlety associated with the lhs of (4.8) due to the explicit time
dependence of B, which has to be subracted off where ;A can be replaced by A
due to the normalization condition. Thus we have

0
(WaO)a(1) = / dla }(‘”a) = Dy(la. ) = / dla)

s o)
(aja;r — {a;)2(t)a; — ajlan)2(t) — cjim(t)am)

X%Dz({a}, "

(3 (a;)a(1))
= : 4.16
((%[xf(z)]j, — () (an)2(0) (4.10)

with lem(t) = (8,aj8,a18,ak)2(t)[)(2’4(l‘)_l]km and djlm(t) = (5,(”3,013,01;)2(0
[XZA(t)_l]km. In the following we put down the explicit form of the evolution
equation (4.7).

0
57 (@) = L3, + M, (Do [x2 0],

m 0
—(8a;8;a8,a1)2(0) x5 )" o @n)a(0)

= L2,(t) + M3, () (4.17)

4.1. Canonical Case

If we strike out everything related to B or b, we should recover the canonical
case. From the first row of (4.7) we find

aa;< 0 = LG (1) + M (1) (4.18)
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and fé({a}, t) = —h*(t) where superfixes and suffices C stand for “canonical.”
We have then

£50) = - f dia)a, (e @k ODL(a) 1) = —A Ok (4.19)
where
Ap() = f d{ala; (g (@) Dy (la) 1) (4.20)

Here a; can be replaced by 8,a; due to the normalization (3.32) with
fE{a}, t) = —h*(t). Next,

Mo =~ [ ds [ i) [ dtaiee 0TS (0. a). 150 )i )
0
= / tdsT_,—;(ts)hl(s) (4.21)
0
with
1) = [ dia) [ dlaie ST ga) )Dutla)s) @22

If we make a Markovian approximation, we have

MS (@) = =m0, ¢ = /O dsYj(ts) (4.23)
and hence, with @;(¢) = (a;)(?), etc.,
d
2780 = =[A0) + GO @) (4.24)

This is the same deterministic equation for averaged relevant variables dis-
cussed in Ref. 17 apart from memory effects, and is also exemplified by (1.1).

5. EXAMPLES

In this section we illustrate the abstract formalism of the preceding sec-
tions with two concrete examples where, however, we do not intend to produce
substantial new results yet.

5.1. A Brownian Particle in a Fluid

Let us consider a single particle immersed in a fluid which gives rise to a force
&(¢) on the particle. The relevant variables are taken to be the one-dimensional
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coordinate and momentum: { /i} = X, P. The equation of motion is
X(t) = P()
P(t) = F(X(t) + £(1) (5.1)

where F ()A( (1) = —U’()A( (2)) is the external force and U ()A( (¢)) the associated
potential. A prime stands for differentiation. The lower case relevant variables
are {a} = x, p. We do not explicitly describe the fluid surrounding the particle
and just write its variables collectively as y and their phase space functions as
$.£(7) is the force on the particle due to its interaction with fluid. See (5.4)
below.

The purpose of this section is to facilitate understanding of the general
and abstract formalism of the preceding sections. Thus we freely make simpli-
fying assumptions like (5.22) and (5.38) below to rederive familiar results. We
do not intend at this stage to obtain new results, which will be tasks of future
works.

We point out that although we explicitly deal only with an actual Brownian
particle, this can be generalized. The variable X, x can be for instance a reaction
coordinate when we consider chemical reaction of a solute particle immersed in a
solvent fluid. P, p is thus the momentum conjugate to X, x

Then the phase space distribution function is D(X , P; 1) or simply D(t).
Now, we introduce Tr operation by

Tr(-- ) = f dXdPdyD.(X, P, D)) (5.2)
with DAE()A( , P, ») the equlibrium phase space distribution function given by
Do(X, P, ) = exp sz - U®) - ﬁf@;)‘o} (53)
where the particle mass M and kg T are both taken to be unity, and H (s X)is

the fluid Hamiltonian including interactions with the Brownian particle, and then
we have

IH (3 X)

E=— Py 5.4)

The reduced equilibrium distribution function for the Brownian particle is then

Dux.p) = [ DR Pl py= (5.5)
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The “entropy” S(xp) was defined as in Eq. (3.5) through

S0P = Trs(x — X)8(p — P) = / dXdPdyD.(X, P, $)s(x — X)5(p — P)

/ dje i U@ -Hi() — o= 3 PP—U)—-AU) (5.6)
with
oAU — /d);e—ﬁ/(ﬁ;X) (5.7)
That is,
S, p) = ~Hylx, p) = 5P — Uw) ~ AU) (58)

where Hp(x, p) plays the role of an effective Hamiltonian for the Brownian parti-
cle.
Next we consider the two special cases.

5.1.1. Microcanonical case: W = M
We make a simplifying Markovian aproximation as
T} ({ad'}; ts) — 25481;8%a — a'}5(1 — s) (5.9)

The second term of (3.35) or more appropriately the second term of (B.21)
below then gives

3 Dy({d
/ ds/d{a VT, ({a. a'}; ts )7%

J

3S{a)
- ZC Bak |:8ak Bak :|DM({a}’ l)

afa
=% [a +Pi|DM({a} 1) (5.10)

aak

where we have noted

2
S{a} = S(x. p) = —”7 — Uit(®), Usg(x) = U(x) + AU(x)

L=0, {=C#0 (5.11)

Also we have

(X;xp)u =p, (P;xp)y = —U},,(x) (5.12)
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Putting together all these we get

9 9 9 3 [0
—D(x, p;t)=| —— —U — = D(x, p;t 5.13
5 (x, p51) [ 8xp+8p m,(x)+§8p (apﬂ’)} (x, p;t) (5.13)

This is known as Kramer’s equation.?®)

5.1.2. Canonical case: W = C

We now explore the canonical case: W = C. The local equilibrium distribu-
tion is
Dy(X, P, $;t) = exp{—®(h*(t), h* (1)) + h* ()X + h?(t) P} (5.14)
Then the normalization TrD; = 1 gives
D(h*(t), h?(t)) = In Trexp{h*(t)X + h? (1) P} (5.15)
The Legendre transformation gives

W(E (), p(1) = WO () + h* () p(1) — PR (1), kP (1)) (5.16)

with
_ o OD(RT(), hP(2) <j(eh‘(x))?+hp(z)ﬁ>
x(t) = h* (1) = (eh*(t))"@rhn(x)ﬁ)
_ o 9D(hT(0), hP(1)) <138h*(t))”(+hp(x)ﬁ)
p(t) = an (1) = (eh*‘(z))hhv(t)ﬁ) (5.17)
and also
i) = WEODPO) -y OVED. PE) 518)

% (7) ap()t)

The averaged time evolution equations are

X(t) = =AM (OF () = Ap(ORP (1) — /fdsTxx(tS)hx(S)
0
—/tdsTXp(ts)hp(s)
0
P(t) = —Apu (DR (1) — A (AP (1) — /0 ds Y (ts)h™ (s)

- / t ds Y (t5)hP(s) (5.19)
0
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We now make a slow dynamics approximation where |A47] is assumed to be
small but |#*| need not be small. Here we note

(X:lx, phar = p. (Pilx. phw = —U'(x) — AU'(x)  (5.20)

Then, noting LX = —P, we obtain since the momentum distribution can be
assumed to relax to the equilibrium one rapidly,

Ax(t) = (Bixp)r 20,  Ap(t) = ($xF(x)), = (X(—LP))1
= (LX)P), = —(P*), ~ —1
Ap@®) = (P~ 1, Ay = (8pF(x)) ~0 (5.21)

Next, since the Y’s involve only the parts projected out by P, the only
remaining component without reversible mode coupling terms is Y,,. Thus we
assume that the force on the Brownian particle by the surrounding fluid changes
very rapidly, which permits us to put

Ypp(ts) 2 208(t = 5) (5.22)
Finally we find
xX(1) = hP (1)
p(t) = —h*(1) — ChP (1) (5.23)

Let us now consider

* faps P A N hP)?
(D(hx, hP) — lnTreh X+h? P — (ln/dXe—U/a/+h X) + % + cst. (524)

where cst stands for an unimportant additive constant here and after. Next we find
by Legendre transformation,

U(x, p) = h'% +h?p — O(h*, h?)
hP 2 R Lo
hy <ln / dXe Uerth X) +est. (5.25)

= W%+ hPp—

with

dDd(h*, h?) [ dXKe VnOHHX
Oh* [ dXe V(DX

X =

(5.26)

This result can be inverted to give A¥ = A*(x). Here #” does not enter in the
rhs of (5.26). We also have

dO(h*, h?)

T = = (Ul,) (5.27)

p=
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Therefore the time evolution equations are
x=h"=p
p=—h"—¢h?” =—h*(¥)—¢p (5.28)
Now we take a strong friction limit for ¢ which requires to put the rhs of the
second memeber of (5.28) to zero. Hence we get

i= —%h"()z) (5.29)

Now we take the limit of very steep symmtric double-well structure around
x = 0 for U,,;(x). The minimum occurs at x = +x,, with U,;;;, = Ujot(£x,,). Then
the contributions to X come mainly from these minima:

_e—h X g eh X

X > xpy————— = Xy tanh(h*x,, 5.30
e—h'txm + eh-“xm ( ) ( )
or its inverse
1 -
B~ — tanh™! <i> (5.31)
xm xm
Hence the time evolution equation in this overdamped case is
. 1 x
F=—— tanh™! (i> (5.32)
CXm Xm
It can be integrated to give
cst—t = / de (5.33)
tanh ™! (xi)

We observe the following:

e x = 0 is a stable fixed point. Indeed near that point we get X = —#i

e No trace of slow barrier crossing is found. Indeed the barrier height U I(O) -
Unin never appears.

e No evidence of spontaneously broken symmetry appears.

These findings indicate inadequacies of the averaged equation. The same may
be said for deterministic dynamical density functional theories.5~'9 It would be
interesting to consider other cases than those two limiting cases of W = M and
W = C that will serve to test our general approach.

5.2. One-Component Fluid

Here the relevant variables {121} = {p(r), g(r)}, the particle number den-
sity and the momentum density, respectively, are defined through the following
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microscopic expressions:

A A P;
A=) 8r—r). gr=)_ ;fa(r =D (5.34)
J J
where r; and p; are the position vector and the momentum, respectively, of the
particle j, and m its mass.
The local equilibrium distribution is

D/ (%, 1) = exp <—<I>({hp(t), h&(r)} + / drh”(r, 1)p(r) + / drhé(r, t) - g(r)>

(5.35)
where h”(r, t) and h&(r, ¢) are, respectively, the local chemical potential and the

local velocity.

Hereafter we only consider the canonical case and derive the deterministic
dynamical density functional equation. The time evoulution equations with the
Markovian approximation take the form:

d

Eﬁ(n t)=— / dr'[A,p(rr' 1) + &, (xr', H]RP (X, 1)
- f AV [A g (¥, 1) + Lop(rr', )] - R, 1)

d

Eg(r, f)=— / dr'[Ag,(xr', 1) + Lop(xr', 1)]AP (Y, 1)

- f dr'[Agg(rr', 1) + Coo(rr’, 1)] - hE(x', 1) (5.36)
First we examine the A’s.
App(rr', 1) = (p(r)(V' - &(r'); {pgh)ar) (1)
= (p(n)V' - g(r) (1) =0
Apg(rr’, 1) = (p(r){[—=L&)]; {ogha) (1)
=~ ([LANIEN)) (1)
(V- 8m)]1gr) ()

1
~ —V[5(r, )3(r — )]
m

Agp(rr' 1) = (g(1)(H(); {pg}h) ar) L (1)
= (g)(—=V) - &) (1)
~ —lV’ﬁ(r, Hé(r—r) = i,é(r, HV(r —r)
m m

Agg(rr’, 1)~ 0 (5.37)



734 Kawasaki

In the above we have used (g(r)g(r'))(¢) ~ %1 o(r, )8(r — r'). As for dis-
sipative parts the ¢’s and the ¢’s, we assume first ¢,, >~ ¢,q = &gy =2 0. For
{gqg(r —1', 1) we take up the idea that the momentum relaxation here is basi-
cally microscopic processes where conservation laws play no role. Thus we may
assume

Lot — 1, 1) = 77 (x, )8(r — 1) (5.38)

so that T has a meaning of momentum relaxation time.
On the other hand we have

sW{p, g} sWip,g} g
W)= —=—=2  hér)= —=L 5~ 5.39
=m0 T T 39
We thus have
a0 =~V gr.1)
%g(r, 1) = —p(r, )VhP(r, t) — T 'g(r, 1) (5.40)

If the relaxation is strong enough so that the inertia term 2%g(r, t) above can
be neglected, we have

g(r,t) >~ —1p(r, t)VA?(r, t) (5.41)

Substituting this into the rhs of the first member of (5.40) and using the first
member of (5.39) we finally find
d - _ sW{p,g =0}
—p(r,t) =tV - p(r,t)V——m—m—F— 5.42
3P0 =TV B OV (5:42)
where we have put g = 0 in W since fluctuation effects are already fully incorpo-
rated and the averaged momentum density is small. Thus we recover the known
deterministic DDFT equation.®-®)
Before closing we examine the momentum conservation associated with the
reversible part of of the second member of (??) as reproduced below:

%(r, 1) = —p(r, )V (r, t) (5.43)

Das and Mazenko®?) have shown that if W{p} = [ dre(p(r, V5(r)) with ¢
some function, one can write p(r, )V ‘Saqgif)} = V - ¥ which takes care of the short
range force part of the free energy functional. For long range force part such that
the force density is given by F(r) = —p(r)V [dr'U(r — r')p(r') with U(r) the
long range interaction potential, we can explicitly show that [ drF(r) = 0, which
expresses Newton’s law of action and reaction.
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6. CONCLUDING REMARKS

We have presented a new approach to interpolate deterministic and fully
stochastic reduced dynamics. So far this question has been mainly asked by people
working on dynamical extentions of the density functional theories of liquid state
which are enormously successful.®>* We have proposed a general formalism
of reduced dynamics which correctly reproduced the two limiting cases: fully
deterministic and fully stochastic.

The real value of our approach must be judged by the degree of successes
when applied to situations where neither of the two limiting approaches is adequate.
Perhaps the Brownian particle in an external field treated in section 5.1 can provide
a testing ground for this purpose.

APPENDIX A: USEFUL PROPERTIES OF PROJECTION OPERATORS
A.1  Proof of P (1)D(1) =0
We prove here the following:
P"()D(t) =0 (A1)

where we sometimes denote time derivative by an overdot. First note that by
definition we have

PY(0)D(t) = %[PW(t)D(r)] — P (0D = D(t)

— Dy O[TeD() + 80l - xw ()™ - Tes, iy D)) (A2)

We now use Tr.ﬁ(t) = 0. Differentiating Trs, vy D(f) = 0 with respect to
time we find Tr8,wwb(t) = % (Yw)(t) = % (Yrw) w(t). We thus find the following
if we further note that bW(t) depends on time only through A (¢):

YD) = DyO[50) - w — 8008 o umdn0]  (A3)

Now, writing Ter(t) = 0 explicitly we obtain
Trajy (1) - Yrw D (1) = 335 (0) - (Yrw ) (1)

— a(Ww) W(t)

L @7 () =0 (Ad)

Therefore, (A.3) becomes

PY()D(t) = DW(I)[)»E/(I) Y — Y xw@®) ' IﬂW W(t)i| =0 (AS)



736 Kawasaki
in view of the fact that a small change (expressed by a symbol §) in Ay (?)
is connected to that of (Y )w(t) by sAw(t) = xw ()" - 8(¥w)w(t). The last

property is also consistent with (3.34) derived there.

A.2 A Projector Identity for Time Evolution

We start from the following identities for constant projection operators P and
O=1-P:

t
Let' = LPe" + L / dseCtT=)0L Pets + Left O (A.6)
0

Proof: The integrand of the middle term above is
LeQL(t—S)QLPeLS — LQeLQ(t—S)LPeLS — iL QeLQ(t—S)eLS
as

Thus the middle term of (A.6) is

s=t
:LQeLt _LQeLQt =LQeLt _LeQLtQ
s=0

L Qe Qt=9)gls

|

Next turn to the case of time-dependent projectors P(¢) and Q(¢) = 1 — P(¢).
We will have a generalized version of (A.6) as

t t g ’ !
Let" = LP(t)e" + L / dsels P 0L P(s)et + Lel © 0(0)
0
(A7)

Proof: For the integrand of the middle term above we get since Q(s")Q(s) =
(),

Lel " ()L P(s)els = Lel ¥ 9o)L P(s)e
" ds'LOG)L s 0 ! ds Q(s")LO(s") s
= Le| OWLE)1 =~ Os))et* = o~ (Le{ ) 0(s)e*

+Lek OO o6y Lel S

Then we can put Q(s)Le™ = Q(s)%e“ = B%Q(s)e“ if we can assume
P(s)e!s = 0 which is valid for P(1) = P"(¢) from (A. 1) for this case. Then we
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get
" ds' O(s')L s 0 " ds' Qs )L O(s") s
er O QI Pt = o (e.{ 0(s)e" )

Thus the middle term of (A.7) is
s=t . ' !

= LOWe" — Lel " 0(0)
s=0

fd ’ "L ]
Le{_g s"O(s")LO(s )Q(s)eLS

= Lo — Lef O (0)

O

In order to derive (3.3), we have to operate P (¢) onto (A.7) from the left
and the resulting operator identity is acted upon ﬁ()?, 0). The the last term of
(A.7) drops out due to the particular choice of D(%, 0), that is, Q(O)ﬁ()@, 0) =
0(0)Dy(x,0) = 0.

APPENDIX B: MICROCANONICAL CASE: W=M

In this section we present a derivation of the usual Fokker-Planck type equa-
tion for the microcanonical probability distribution function Dy({a}, ) in the
frame work of our approach. The steps of actual derivation are far from obvious
although this is expected. So we go into some details.

The projected phase space distribution function for this case is

Dy(%, 1) = PMDE, 1) = e SUD DL (AR, 1) = MO varld@®) (g 1)
where the distribution function for {a} is now given by
Dy({a), t) = Trs{a — A()}Dy(-, 1) (B.2)
Hence we have
()" - Yaday = Yatal” - au(t) = —Sta} + In Dy ({a}, 1) (B.3)

Now, the completeness of the set {/),} implies that we can alternatively take,
suppressing the time argument ¢ for a while,

Dy, 1) = &A@ (B4)
where A{a} is an arbitrary functional. Then we write discretizing the space of {a}

MAY = AT gy = /A{a}ﬁ{a — Ad{a) = Z,\{a}a{a — A}A{a} (B.5)
{a}

where = indicates transition to the discretized space of {a}. The above equation
is explained in more detail. A{a} is the volume element of the space of {a} which
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will be written simply as A, hereafter. The components of vectors in the second
member of (B.5) are labelled by {a} that will appear as suffices, and are given by
Dol = Ma), Wl =8a — Ay = Ala—a})  (B6)

Here 8{a — a'}d{a} = A{a — a’} is Kronecker’s delta in the discretized
space of {a} such that A{a — a’} = 1 for {a} = {a'} and A{a — a'} = 0 for {a} #
{a'}.

Now, with the trial distibution D}V[(x) the entropy S {D (1)}, (2.2) becomes

S{D}()} = =TrDy, (Y In D), () + > Ma)TrA{a — AOID), () (B.7)
{a}

The maximum entropy condidition gives
Dy(F) = A0 (B.8)
with A determinded by the following:
TrA{a — AC)OM = TeA{a — A(C)d(, 1) (B.9)
The lhs and rhs of the above equation are, respectively,
TrA{a — A()} O = MADTEA(g — A()) = MlalDFSlalp
TrA{a — AC)YD(-, t) = Trd{a — A()}D(-, ) Ay = Dy({a}, H)Ay  (B.10)
Hence we obtain

»({a}, 1) = —S{a} + In Dy({a}, 1) (: In Dy ({4 — al, t)) (B.11)

Let us return to the time evolution equation (3.38) which now becomes
—x( a}, ) = Z X (laMa'y, OLu(a), ) + My(a't, 0] (B.12)

where Ly({a'}, t) = [Ly(H)]iay and My ({a'}, t) = [My(t)]i) are components
of the vectors L,(t), (3.36), and M(8),(3.37). Now we obtain from (B.11)

0 0
SAa), 0 = D,/ ({a}, )7 Du(la), 1) (B.13)

On the other hand, using (A{a — A})M(t) = Dy({a — A} t)A s we have,
denoting 4, X=X- X) m(2) for any phase space function X

xu({ata'}; 1) = (8, Aa — A}, A{d’ — A} (D)
= AY[8ta — d'}Dy(la}, 1) — Dy({a}, )Dyla'}, 1] (B.14)
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Now, in view of [ xy({a}{a'}; t)d{a’} = 0, the matrix xu({aHa'}; 1) is sin-
gular. Thus we have to replace (B.12) by

d
> xmllaia’, t)E?»({a’}, 1) = Ly({a}, t) + My ({a}, 1) (B.15)
{a’}
The lhs can be worked out using (B.13) and (B.14) to obtain
ad d
> xu(taia'’). t)ak({a/}, 1= AMEDM({a}, 1) (B.16)
{a’}

We now analyze the rhs of (B.15). The Eq. (B.6), that is, [¥'y({a'}, )]y =
Ala—d'} = Aydla —d'} gives [(9/da)¥u(la). D) = Au(d/da,)8ta — a)
and [8;¥m({a’}, D]y = Amld{a —a’} — Dy({a},t)]. Then we use these
results and a consequence of the normalization (3.29) saying that

[d{a'y(A;; 1w fi({a'}, )Du(ta’}, £) = 0 to obtain

(Lol = Ant A {ah)a fL({a}, ) Du(lal. 1) (B.17)

Next we turn to [M /],y which becomes after integrating by parts with
respect to @,

! , d
Myl = —/ dsfd{a’}eiS{“}AM [8—6S{“}Z€y({a,a’};ts)i|
0 ay '

x fi,({a'}, s)Dy({a'}, s) (B.18)

We remind that we can write

Dy({a}, 1)
t)D ty=-D t)—
fi(a}. hDyu({a}, t) = —Dr({a}, ) o, Dellah.0)
and also the detailed balance condition is given by %W = 0. We finally
obtain
0
Lyl = _AM£<Aj; {a))mDu({a}, t) (B.19)
j
and
o D
Muliay AM—e / ds/d{a }7};‘4 M (B.20)

Dela'}
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Putting (B.15) and (B.16) together with (B.19) and (B.20) we recover the
following Fokker-Planck type equation

0 0 =
—Dy({a}, t) = _£<Aj; {ah) yDu({a}, 1)

ot
DM({G/},S)
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